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Abstract First, we introduce the notion of shape operator of Codazzi type for real hyper-
surfaces in the complex quadric Q"* = S On"L2 /SO0, S 0,. Next, we give a complete proof
of non-existence of real hypersurfaces in Q"* = § 0,2/ 5 Om S O2 with shape operator of
Codazzi type. Motivated by this result, we give a complete classification of real hypersurfaces
inQ"* =§ 0;72 /S O, S O> with Reeb parallel shape operator.

Keywords Reeb parallel hypersurface - Kihler structure - Complex conjugation - Complex
quadric

Mathematics Subject Classification Primary 53C40; Secondary 53C55

1 Introduction

As examples of some Hermitian symmetric spaces of rank 2, usually we can consider
the Riemannian symmetric spaces SU,,42/S(UaU,,) and SU> ,, /S(U2Uy,), which are said
to be complex two-plane Grassmannians and complex hyperbolic two-plane Grassmanni-
ans, respectively (see [11,12] and [15-18]). These are Hermitian symmetric spaces and
quaternionic Kéhler symmetric spaces equipped with the Kihler structure J and the quater-
nionic Kéhler structure J = Span{Ji, J2, J3} on SU;42/S(U2U,) and SU3 ,,, /S(U2Up,).
There are exactly two types of singular tangent vector fields X on SU,4+2/S(U2Uy)
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1308 Y. J. Suh, D. H. Hwang

and SU3 ,,,/S(U2Uy,), which are characterized by the geometric properties JX € JX or
JX 1 3X.

As another example of Hermitian symmetric space of compact type with rank 2 different
from the above ones, we can consider a complex quadric Q" = SO,,42/S02S0,,, which
is a complex hypersurface in complex projective space CP"*! (see Reckziegel [13], Smyth
[14] and Suh [19,20], and [21]). The complex quadric can also be regarded as a kind of
real Grassmann manifold of compact type with rank 2 (see Kobayashi and Nomizu [6]).
Accordingly, the complex quadric admits two important geometric structures, a complex
conjugation structure A and a Kihler structure J, which anti-commute with each other, that
is, AJ = —JA. Then for m>2 the triple, (Q™, J, g) is a Hermitian symmetric space of
compact type with rank 2 and its maximal sectional curvature is equal to 4 (see Klein [5] and
Reckziegel [13]).

About the latter part of twentieth century, many geometers have investigated some real
hypersurfaces in Hermitian symmetric spaces of rank 1 like the complex projective space
CP™ or the complex hyperbolic space CH™. In the complex projective space CP™ and
the quaternionic projective space HP™, a characterization with isometric Reeb flow was
obtained by Okumura [8], D-parallel shape operator VpA = 0 by Pérez [9], and D-parallel
curvature tensor Vp R = 0 by Pérez and Suh [10], respectively, where D = Span{&y, &>, &3},
& =—JiN,i=1,2,3.

Now, let us introduce complex hyperbolic quadric Q"* = SOy 5/S028 Oy, which can
be regarded as a Hermitian symmetric space with rank 2 of noncompact type. Here, we
consider a real hypersurface M in Q™* with Reeb parallel shape operator, that is, Ve S = 0
for the shape operator S of M in Q™* along the Reeb direction & = —JN on M, where J
denotes the Kihler structure on Q™*.

In order to give a complete classification of real hypersurfaces in Q™ * with Reeb parallel
shape operator, first we will consider a problem of non-existence for real hypersurfaces in
Q™* with parallel shape operator. More generally, we consider the shape operator S of M in
Q™" satisfying (Vx S)Y = (Vy S)X for any vector fields X and ¥ on M in Q"*. In this case,
the shape operator is said to be of Codazzi type. In this paper, we want to give a property of
non-existence for real hypersurfaces in the complex hyperbolic quadric Q™* whose shape
operator is of Codazzi type as follows:

Theorem 1.1 There do not exist any real hypersurfaces in the complex hyperbolic quadric
Q™*, m>3, with shape operator of Codazzi type.

Next we will consider parallel shape operator for M in Q™*. Since the parallel shape
operator S naturally satisfy the condition of Codazzi type, we can also assert the following

Corollary 1.2 There do not exist any real hypersurfaces in the complex hyperbolic quadric
O™*, m>3, with parallel shape operator.

Apart from the complex structure J, there is another distinguished geometric structure on
Q™*. Namely, a vector subbundle ;] = {A;;|1eS'CC}, [z]e Q"*, which consists of all
complex conjugations defined on the complex hyperbolic quadric Q"*. The vector bundle
2l contains an S'-bundle of real structures, that is, complex conjugations A on the tangent
spaces of Q™" and becomes a parallel rank 2-subbundle of End 7 Q™*. This geometric
structure determines a maximal 2(-invariant subbundle Q of the tangent bundle 7'M of a real
hypersurface M in Q™*.

Recall that a nonzero tangent vector W € T,Q™* is called singular if it is tangent to
more than one maximal flat in Q"**. Here maximal flat means a 2-dimensional curvature flat
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Real hypersurfaces in the complex hyperbolic quadric with. . . 1309

totally geodesic submanifold in Q™*. Such a maximal flat always exists, because the rank
of Q™™ is 2. There are two types of singular tangent vectors for the complex quadric Q™"
as follows:

1. If there exists a conjugation A € 2 such that W € V(A), then W is singular. Such a
singular tangent vector is called 2(-principal.

2. If there exist a conjugation A € 2 and orthonormal vectors X,Y € V(A) such that
W/||W|| = (X + JY)/+/2, then W is singular. Such a singular tangent vector is called
2A-isotropic,

where V(A) = {XeT;;10"*|AX = X}and JV(A) = {X€T;1 0" |AX = —X}, [z]e 0™,
respectively denote the (41)-eigenspace and (—1)-eigenspace for the involution A on
T O™, [z]le Q™.

Here we note that the unit normal N is said to be 2-principal if N is invariant under the
complex conjugation A, thatis, AN = N.

For the complex hyperbolic space CH™, a full classification of real hypersurfaces with
isometric Reeb flow was obtained by Montiel and Romero in [7]. They proved that the Reeb
flow on a real hypersurface in CH™ = SU,, 1/S(U,U) is isometric if and only if M is an
open part of a tube around a totally geodesic CH* ¢ CH™ for some k € {0, ..., m — 1} or
horospheres.

The classification problem for real hypersurfaces with isometric Reeb flow for the com-
plex 2-plane Grassmannian G,(C"*+?) and the complex hyperbolic 2-plane Grassmannian
G;((Cm”) were solved by Suh [15,18] and Suh [17], respectively. The Reeb flow on a real
hypersurface in G;((Cm*'z) is isometric if and only if M is an open part of a tube around a
totally geodesic G%(C"+1) C G3(C™*+2).

Now let us consider such a situation in the complex hyperbolic quadric Q™*. In view
of the previous two results, a natural expectation might be that the classification involves at
least the totally geodesic Qm_l* C Q™*. But in the paper due to Suh [22], we investigate
this problem for the complex hyperbolic quadric Q™* = SO,,.2/S 0, S O, as follows:

Theorem A Let M be a real hypersurface in the complex hyperbolic quadric Q™* =
SOZU,m/SOmSOQ, m > 3. The Reeb flow on M is isometric if and only if m is even, say

m = 2k, and M is an open part of a tube around a totally geodesic CH* QZk* or a
horosphere whose center at infinity is A-isotropic singular.

When the shape operator S of M in Q™" is Reeb parallel, that is, V¢S = 0 along the
direction of the structure vector field & = —J N, we say that the shape operator is Reeb
parallel. Moreover, we say that the Reeb principal curvature is constant if the function
o defined by o = g(S&, &) is constant. Motivated by these results, we give a complete
classification of real hypersurfaces in the complex hyperbolic quadric Q™* with Reeb parallel
shape operator as follows:

Theorem 1.3 Let M be a Hopf real hypersurface in complex hyperbolic quadric Q™*, m>3,
with Reeb parallel shape operator and non-vanishing Reeb curvature. Then M is an open
part of the following:

(1) a tube around the totally geodesic CH* c QZI‘*, where m = 2k,

(2) a horosphere whose center at infinity is 2-isotropic singular,

(3) atube around the totally geodesic Hermitian symmetric space Q™" embedded in Q™

(4) a horosphere in Q™* whose center at infinity is the equivalence class of an U-principal
geodesic in Q™%,
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1310 Y. J. Suh, D. H. Hwang

(5) a tube around the m-dimensional real hyperbolic space RH™ which is embedded in
O™* as a real space form,
or otherwise

(6) M has two distinct constant prinicipal curvatures given by

with multiplicities m and m — 1, respectively.

2 The complex hyperbolic quadric

Let us denote by CY’ *+2 an indefinite complex Euclidean space C" 2, on which the indefinite
Hermitian product

H(z, w) = —ziwy + 22W2 + - - + T2 W42

can be considered. The scalar product defined by the real part of H(z, w) is an indefinite
Riemannian metric of index 2 on C"*2. Here the complex hyperbolic space CH" ! is the set
of all complex 1-dimensional subspaces in (C'I"H, on which the indefinite Hermitian poduct
H (z, w) is negative definite.

The homogeneous quadratic equation z% +o 22— Z;H — Z;%wz = 0 defines a
noncompact complex hyperbolic quadric 9™* = § 05” m/ S 028 Oy, which can be immersed
in the (m + 1)-dimensional complex hyperbolic space CH™! = sy, m+1/SUm+1U1). The
complex hypersurface Q"* in CH™*! is known as the m-dimensional complex hyperbolic
quadric. The complex structure J on CH”*! naturally induces a complex structure on Q*™
which we will denote by J as well. We equip Q™* with the Riemannian metric g which is
induced from the Bergmann metric on C H”"*! with constant holomorphic sectional curvature
—4. For m > 2 the triple, (Q™*, J, g) is a Hermitian symmetric space of rank two, and its
minimal sectional curvature is equal to —4. The 1-dimensional quadric Q‘* is isometric
to the 2-dimensional real hyperbolic space RH? = § 07,/501S0;. The 2-dimensional

complex quadric Q2" is isometric to the Riemannian product of complex hyperbolic spaces
CH' x CH'. We will assume m > 3 for the main part of this paper.

For a nonzero vector z € (C;””, we denote by [z] the complex span of z, that s, [z] = {Az |
A € C}. Note that by definition [z] is a point in CH™t! As usual, for each [z] € CH™H!
we identify Tj;jCH m+1 with the orthogonal complement (CT 25 [z] of [z] in (Crl” +2_ For
[z] € Q™ the tangent space Tj;j Q™" can then be identified canonically with the orthogonal
complement (C'I”J’z S (z]1®[z]) of [z]®[Z] in (C'l"+2. Note that Z € vj;)Q™" is a unit normal
vector of Q™* in CH™*! at the point [z].

We denote by A; the shape operator of Q"* in CH™*! with respect to z. Then we have
Azw =wforallw € Tj;; ™", that is, Az is just complex conjugation restricted to 7j;; Q™*.
The shape operator Az is an antilinear involution on the complex vector space 77,1 Q*" and

T Q™" = V(Az) @ JV(Az),

where V(Az) = R’f”z N Tj;1Q™* is the (+1)-eigenspace and JV (Az) = iR’f”z N Ti;; 0™*
is the (—1)-eigenspace of Az. Geometrically, this means that the shape operator Az defines a
real structure on the complex vector space 7j;)Q™*. Recall that a real structure on a complex
vector space V is by definition an antilinear involution A : V — V. Since the normal
space v;1Q™* of 0"* in (CHlmJrl at [z] is a complex subspace of 7j;;CH™*+! of complex
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dimension one, every normal vector in v;; Q™* can be written as AZ with some A € C. The
shape operators A,z of Q™* define a rank two vector subbundle 2 of the endomorphism
bundle End(T Q"*).

The derivative of the second fundamental form of the embedding Q"* c CH"*! is given
by

(VxA)Y = q(X)JAY

for any vector fields X and Y on Q"*, where V and g denote the Levi-Civita connection and
a certain 1-form on 7 Q™*, respectively. So the set of all complex conjugations 2 becomes
a parallel subbundle of End(7 Q"*). For A € S' C C, we again get a real structure Az on
Ti;)Q™*. Because, it satisfies the following for any w € 7j;; Q™ and any AeS'CC

Af:w = Az Ajzw = Az
= AAzAW = AAW
= |k|2w = w.

Accordingly, Aiz = I for any AeS'. We thus have an S'-subbundle of 2 consisting of real
structures on the tangent spaces of Q™*.

The Gauss equation for the complex hypersurface Q"* C CH™*! implies that the Rie-
mannian curvature tensor R of Q™* can be expressed in terms of the Riemannian metric g,
the complex structure J and a generic real structure A in 2:

RX,VNZ =—g(Y,2)X +g(X,2)Y
—g(JY, Z)IX +g(JX,Z)JY +2g(JX,Y)JZ
—g(AY, 2)AX + g(AX, Z)AY
—g(JAY,Z)JAX + g(JAX, Z)JAY.

Note that the complex structure J anti-commutes with each endomorphism A € £, that is,
AJ =—-JA.

Basic complex linear algebra shows that for every unit tangent vector W € Tj;; Q™" there
exist a real structure A € 2{[;) and orthonormal vectors X, Y € V(A) such that

W =cos(t)X +sin(t)JY

for some t € [0, 7/4]. The singular tangent vectors correspond to the values t+ = 0 and
t =m/4.

3 The maximal 2(-invariant subbundle O of T'M

Let M be a real hypersurface in the complex hyperbolic quadric Q™* and denote by
(¢, &, n, g) the induced almost contact metric structure on M and by V the induced Rie-
mannian connection on M. Note that £ = —J N, where N is a (local) unit normal vector
field of M. The vector field £ is known as the Reeb vector field of M. If the integral curves
of & are geodesics in M, the hypersurface M is called a Hopf hypersurface (See Dragomir
and Perrone [4]). The integral curves of & are geodesics in M if and only if £ is a principal
curvature vector of M everywhere. The tangent bundle 7 M of M splits orthogonally into
TM = C @& F, where C = ker(#) is the maximal complex subbundle of 7T M and F = RE.
The structure tensor field ¢ restricted to C coincides with the complex structure J restricted
to C, and we have ¢& = 0. We denote by vM the normal bundle of M.
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1312 Y. J. Suh, D. H. Hwang

We first introduce some notations. For a fixed real structure A € ;) and X € Tj;jM, we
decompose AX into its tangential and normal component, that is,

AX =BX + p(X)N,
where BX is the tangential component of AX and
p(X) = g(AX, N) = g(X, AN) = g(X, AJ§) = g(J X, AE).
Since JX = ¢X + n(X)N and AE = B + p(§)N, we also have
p(X) =g@X, BE) +n(X)p &) = n(BoX) + n(X)p(§).
We also define
8 =¢g(N,AN)=g(JN,JAN) = —g(JN,AJN) = —g(&, A§).
At each point [z] € M we define
Qi ={X € TigM | AX € Ty;)M for all A € ),

which is the maximal 2[;j-invariant subspace of 7j;)M. Then by using the same method for
real hypersurfaces in complex hyperbolic quadric Q"* as in Berndt and Suh [2], we get the
following

Lemma 3.1 Let M be a real hypersurface in complex hyperbolic quadric Q™*. Then the
Sfollowing statements are equivalent:

(1) The normal vector Nz of M is A-principal,
(1) Qpzy = Cpzy,
(iii) There exists a real structure A € () such that AN|;} € Cy;)M.

Assume now that the normal vector N|;j of M is not 2-principal. Then there exists a real
structure A € 2} such that
N1 = cos(t)Zy + sin(t)J Z,

for some orthonormal vectors Z, Z, € V(A) and 0 < ¢ < %. This implies

Niz) = cos(t)Zy +sin(t) J Z,,
AN|;) = cos(t)Zy — sin(t)J Z7,
&;) = sin(t)Z — cos(t)J Zy,
A&y = sin(t)Zy 4 cos(t)J Z1,

and therefore, Q1 = Ti1Q™ © ([Z1] @ [Z>]) is strictly contained in Cf;. Moreover, we
have

Aé[z) = Bé[;) and p(§r;7) = 0.
We have

g(Bé;) + 8871, Nzp) = 0,
g(B&[;) + 881z, &) = O,
g(B&) + 882, BE[,) + 8&7)) = sin®(21),
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where the function § denotes § = —g (&, AS) = —(sin%¢ — cos? 1) = cos 2¢. Therefore,

U = (20 ———— (BE[;) + 8&17))

is a unit vector in C[;] and
Clz1 = Q1 ® [U] (orthogonal direct sum).

If N|;) is not A-principal at [z], then N is not -principal in an open neighborhood of [z], and
therefore, U is a well-defined unit vector field on that open neighborhood. We summarize
this in the following

Lemma 3.2 Let M be a real hypersurface in complex hyperbolic quadric Q™* whose unit
normal Nz is not A-principal at [z]. Then there exists an open neighborhood of [z] in M
and a section A in 2 on that neighborhood consisting of real structures such that

(i) A§ = B& and p(§) =0,
(1) U = (B& + 6&)/||B& + 6&|| is a unit vector field tangent to C
(iii) C=Q @[Vl

4 Tubes around the totally geodesic CH* ¢ sz* and horospheres

We assume that m is even, say m = 2k. The map
CH* — Q%" =509 ,,/50,80y c CH* !,

is defined by [z1, ..., Zk+1] = [21, .-+ Zk+1,i21, - -+, iZk+1], provides an embedding of
CH* into Q% “asa totally geodesic complex submanifold in CH**!, where

2k 2k+1 2 2 2
0" ={lz1,+ 2oks2) €CHP T — 2 + 25 + 20y — Zhyn + g3+ + Topyn = 0}

can be regarded as the set of negative 2-planes in indefinite Euclidean space R%k”, that is,
a real hyperbolic Grassmannian manifold. Of course, it can be easily checked that the point
(21 -y Zkg1s 021, - - - iZ2s1] belongs to Q2.

Consider the standard embedding of U, x into SO3 5, which is determined by the Lie
algebra embedding in such a way that

uy k—>s022k, C+ Di— (IC) _CD) ,

where C, D€ My x+1(R) which satisfy, respectively, 'CgC = g and 'DgD = g for the
signature (1, k) of the indefinite Riemannian metric g on ]R]f"'] definedby g(X,Y) = —x1y1+
X2y2 + -+ + Xk 1 Vky1 for any X, Y eRIHT

We define a complex structure j on C%Hz by

J@1 oo Tl 1 T2y - v 22k42) = (= Zkd 20 oo oy —22k425 200 o+ o5 Tkt 1)

Note that ij = ji. We can then identify C%Hz with <C’1‘+1 @® jC*! and get
TCHY = (X +jiX | X e ST O 2] = (X +ijX | X € V(A3)}.

Note that the complex structure j on (C%k+2 corresponds to the complex structure J on
Tz sz* via the obvious identifications. For the normal space v;jCH K of CH* at [z], we
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1314 Y. J. Suh, D. H. Hwang

have
v CHY = Az (Tj;)CH) = (X —ijX | X € V(Az)).

It is easy to see that both the tangent bundle and the normal bundle of CH* consist of
2-isotropic singular tangent vectors of sz*.

We will now calculate the principal curvatures and principal curvature spaces of the tube
around CH* in 0%, Let N be a unit normal vector of CH* in Q%" at [z] € CH*. Since by
Theorem A, the unit normal N is 2(-isotropic. Then the four vectors N, JN, AN and JAN
are pairwise orthonormal and the normal Jacobi operator Ry is given by

RNZ =R(Z,N)N = —Z + g(Z, N)N —3g(Z, IN)JN
+g(Z,AN)AN +g(Z, JAN)JAN.

F_rom this, by using_ that N is Ql—isotrqpic, RNN = R(N, N)N = 0, RNAN =
R(AN,N)N = 0, RyJAN = 0, and RyJN = —4JN. This implies readily that Ry
has the three eigenvalues 0, —1 and —4 with corresponding eigenspaces RN @& [AN],
T1:1 0% © (IN]1 @ [AN]) and RJN. Since [N] C v;)CH* and [AN] C T;)CH¥, we
conclude that both 7,;CH* and vj;jCH* are invariant under Ry .

To calculate the principal curvatures of the tube around CH* we use the Jacobi field

method. Let y be the geodesic in Q% * with y(0) = [z] and y (0) = N and denote by y+ the
parallel subbundle of T Q% * along y defined by y)}(t) = T[y(,)]QZk * & Ry (1). Moreover,

define the y+-valued tensor field R)J; along y by R)J;(,)X = R(X, y(t))y(t). Now consider

the End(y1)-valued differential equation
Y+ Ry oY =0.

Let D be the unique solution of this differential equation with initial values

D(O) = ((’) 8) D'(0) = ( " ,0),

where the decomposition of the matrices is with respect to
vz = TiyCH* & (v CHY © RN)

and 7 denotes the identity transformation on the corresponding space. Then the shape operator
S(r) of the tube around CH* with respect to —y (r) is given by

S(r) = D'(r) o D™\ (r).
If we decompose )/é] further into
v = (TgCH* © [AN]) & [AN]® (v CH* © [N)) @RI N,
we get by explicit computation that

tanh(r) 0 0 0
0o 0 O 0
0 0 coth(r) 0
0 O 0 2coth2r)

S(r) =

with respect to thflt decomposition. Here let us check that S/N = 2coth(2r)JN for
MCQZk*. Since RyJN = —4JN, we have Y — 4Y = 0 for a geodesic y such that
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Real hypersurfaces in the complex hyperbolic quadric with. . . 1315

y(0) = [z] and y(0) = N. The solution vector field Y (r) of the Jacobi equation becomes
Y (r) = (c1 cosh(2r) + ¢p sinh(2r)) Ex (1),

where the initial condition is given by 0 = Y(0) = ¢|Ex(0) = ¢;X and X = Y'(0) =
2c2 Ex(0) = 2¢» X and the vector field Ey (r) is defined by the parallel displacement of the
vector Ex(0) = X along the curve y.

Here we know that the solution vector field can be obtained by Y (r) = D(r)Ex(r) =
% sinh(2r) Ex (r). From this, together with the definition of the shape operator, it follows that

%sinh(Zr)S(r)EX(r) =S(r)Y(r)=DF)D  (r)yY
= D'(r)Ex(r) = cosh(2r)Ex (r).

This implies that S(r) Ex(r) = 2coth(2r) Ex (r), which means S(r)JN = 2coth(2r)JN.
By using the similar method we can calculate the other principal curvatures. Therefore,
the tube around C H* has four distinct constant principal curvatures tanh(r), 0, coth(r) and
2 coth(2r) (unless m = 2 in which case there are only two distinct constant principal curva-
tures 0 and 2 coth(2r)). The corresponding principal curvature spaces are 7{;CH ko [AN],
[AN], v jCH ko [N]and RJ N, respectively, where we identify the subspaces obtained by
parallel translation along y from [z] to y (). This shows that the tube is a Hopf hypersurface.

Note that the parallel translate of [AN] corresponds to C © Q, the parallel translate of
[N] corresponds to Cv M, and the parallel translate of RJ N corresponds to F. Moreover, we
have A(Tj;jCH* © [AN]) = v;JCH* © [N].

When M becomes an open part of a horosphere in Q% * whose center at infinity in the
equivalence class of an -isotropic geodesic in Q%" by using the results in Suh [22] and
taking the limit to the above principal curvatures as r— o0, we can calculate that it has
three distinct constant prinicipal curvatures 1, 0, 1 and 2 corresponding to the same principal
curvature spaces mentioned above.

Since J N is a principal curvature vector, we conclude that every tube around CH* is a
Hopf hypersurface. We also see that all principal curvature spaces orthogonal to RJN are
J-invariant. Thus, if ¢ denotes the structure tensor field on the tube which is induced by J,
we get S¢ = ¢S. Since the Kihler structure on Q™* is parallel, we have

g(Vx&.Y) + g(X, Vy§) = g((Sp — ¢S X, Y)

forall X, Y € TM. As & is aKilling vector field if and only if V£ is a skew-symmetric tensor
field, we see that the Reeb flow on M is isometric if and only if S¢ = ¢S.
We summarize the previous discussion in the following proposition.

Proposition 4.1 Let M be the tube around the totally geodesic CH in the complex hyper-
bolic quadric Q2k*, k > 2, or the horosphere in QZk* whose center at infinity is in the
equivalence class of an -isotropic singular geodesic in QZk*. Then the following state-
ments hold:

(i) M is a Hopf hypersurface,

(i) The tangent bundle T M and the normal bundle v M of M consist of 2-isotropic singular
tangent vectors of sz*,

(iii) M has four(or three) distinct constant principal curvatures. Their values and cor-
responding principal curvature spaces and multiplicities are given in the following
Table 1. The real structure A determined by the A-isotropic unit normal vector at [z]
maps T[Z](CH" © (Cry) © Qyy)) onto U[Z]CH]( © Cv; )M, and vice versa,
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1316 Y. J. Suh, D. H. Hwang

Table 1 Principal curvatures of

M Principal curvature Eigenspace Multiplicity
2coth(2r), 2 F 1
0 ceQ 2
tanh(r), 1 TCPFe (e Q) 2k —2
coth(r), | vCPk o Cvm 2k —2

(iv) The shape operator S of M and the structure tensor field ¢ of M commute with each
other; that is, S = ¢S,
(v) The Reeb flow on M is an isometric flow.

5 The Codazzi equation and some consequences

From the explicit expression of the Riemannian curvature tensor of the complex hyperbolic
quadric Q™*, we can easily derive the Codazzi equation for a real hypersurface M in complex
hyperbolic quadric Q™* as follows:

g(Vx Y — (Vy X, Z)

= —n(X)g@Y, Z) + n(Y)g(¢X, Z) + 2n(Z)g(# X, Y)
—p(X)g(BY,Z) + p(Y)g(BX, Z)
+n(BX)g(BY,$Z) + n(BX)p(Y)n(Z)
—n(BY)g(BX,¢Z) —n(BY)p(X)n(Z)

for any vector fields X, Y and Z tangent to M in Q™*. We now assume that M is a Hopf
hypersurface. Then the shape operator S of M in Q™™ satisfies

S& = af

with the Reeb function o = g(S&, &) on M. Inserting Z = £ into the Codazzi equation leads
to

gU(Vx9Y — (Vy$)X, §) = 28X, Y) — 2p(X)n(BY) + 2p(Y)n(BX).
On the other hand, we have
2(VxS)Y = (W)X, §)
=g((Vx 9§, Y) — g((Vy 5§, X)
=da(X)n(Y) —da(¥)n(X) +ag((Sp + 95X, Y) — 28(SpSX, Y).
Comparing the previous two equations and putting X = & yields
da(Y) =da)nY) + 28p(Y),
where the function 6 = g(AN, N) is defined in Sect. 3. Reinserting this into the previous
equation yields
g(VXSY = (Vy9)X, )
= =26n(X)p(Y) 4+ 28p(X)n(Y)
+ag((pS+ SP)X,Y) —2g(SpSX,Y).
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Altogether this implies
0=2g(S¢SX,Y) —ag((¢S+SP)X,Y) +2g(¢X,Y)
—28p(X)1(Y) — 2p(X)n(BY) +2p(Y)n(BX) + 257(X)p(Y)
= g(2S¢S —a(pS + Sh) +2¢)X. Y)
—2p(X)n(BY +8Y) +2p(Y)n(BX + 6X)
= 8((25¢S —a(pS + 5¢) +24)X. Y)
—2p(X)g(Y, BE +688) +2¢(X, BE + 65)p(Y).

If AN = N we have p = 0, otherwise we can use Lemma 3.2 to calculate p(Y) =
g(Y,AN) = g(Y, AJE) = —g(Y, JAE) = —g(Y, JBE) = —g(Y, ¢ BE). Thus we have
proved

Lemma 5.1 Ler M be a Hopf hypersurface in the complex hyperbolic quadric Q™*, m > 3.
Then we have

(25¢S — (¢S + S¢) +29)X =2p(X)(BE + 68) + 2g(X, BE + 58)¢BE.

If the unit normal vector field NV is 2-principal, we can choose a real structure A € 2 such
that AN = N. Then we have p = 0 and ¢p BE = —¢& = 0, and therefore,

25¢S — a(pS + Sp) = —2¢.
If N is not A-principal, we can choose a real structure A € 2 as in Lemma 3.2 and get

p(X)(BE + 88) + g(X, B§ + 88)pBE
= —g(X, p(BE + 68))(BE + 6§) + g(X, BE + 86)p(BE + 8§)
= ||B& + 8&|1*(g(X, U)pU — g(X, pU)U)
= sin?(21)(g(X, U)pU — g(X, pU)U),

which is equal to 0 on Q and equal to sin?(2£)¢X on C © Q. Altogether we have proved:

Lemma 5.2 Let M be a Hopf hypersurface in the complex hyperbolic quadric Q™*, m > 3.
Then the tensor field

284S — (¢S + So¢)
leaves Q and C © Q invariant and we have
28¢S — a(¢pS + S¢) = —2¢ on Q
and
25¢S — a (¢S + S¢) = —28%p on C © Q,

where § = cos 2t as in Sect. 3.

Now let us assume that M is a real hypersurface in Q™ with isometric Reeb flow. Then
the commuting shape operator S¢ = ¢S implies S&€ = «£, thatis, M is Hopf. We will now
prove that the Reeb curvature « of a Hopf hypersurface is constant if the normal vectors are
A-isotropic. Assume that the unit normal vector field N is 2(-isotropic everywhere. Then we
have § = 0 and we get

Ya =da(é)n(Y)
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1318 Y. J. Suh, D. H. Hwang

forall Y € TM. Since gradMo = da(£)€, we can compute the Hessian hess™ o by

(hessMa) (X, Y) = g(VxgradMa, Y)
=d(daE)(X)nY) +da(§)g(pSX,Y).

As hessM« is a symmetric bilinear form, the previous equation implies
da(§)g((S¢+ 99X, Y) =0

for all vector fields X, Y on M which are tangential to C.

Now let us assume that S¢ 4+¢ S = 0. For every principal curvature vector, X € C such that
SX = AX this implies S¢X = —¢pSX = —r¢pX. We assume || X|| = 1 and put ¥ = ¢ X.
Using the normal vector field, N is 2-isotropic, that is § = 0 in Lemma 5.1, we know that

—32¢X +¢X = p(X)BE + g(X, BE)$BE.
From this, taking the inner product with ¢X and using g(X, B§) = g(X, A§) =
—g(@X,AN) = —p(¢pX), we have
=32+ 1= p(X)n(BPX) — p(pX)n(BX)
= ¢(X, AN)> + g(X, A§)’ = || Xcooll* < 1,
where X¢go denotes the orthogonal projection of X onto C © Q.

On the other hand, from the commuting shape operator and the above equation for SX =
LX, it follows that

—1pX = —pSX = SPpX = pSX = rpX.

This gives that the principal curvature A = 0. Then the above two equation give || Xcoo||> =
1 for all principal curvature vectors X € C with || X|| = 1. This is only possibleif C = C& Q,
or equivalently, if @ = 0. Since m > 3 this is not possible. Hence, we must have S¢+¢S # 0
everywhere, and therefore, da(£) = 0, which implies gradM o = 0. Since M is connected
this implies that « is constant. Thus we have proved:

Lemma 5.3 Let M be a real hypersurface in the complex hyperbolic quadric Q™*, m >
3, with isometric Reeb flow and 2-isotropic normal vector field N everywhere. Then o is
constant.

6 Proof of Theorem 1.1 and Corollary 1.2

Now let us denote by S the shape operator of a real hypersurface M in the complex hyperbolic
quadric Q™. If a real hypersurface M in Q™" has the shape operator of Codazzi type, that
is, (VxS)Y = (VyS)X for any X and Y on M, then by the equation of Codazzi we have
0=-n(X)g@Y,Z) +n(Y)g(¢X, Z) +2n(Z)g(¢X,Y)
—8(X, AN)g(AY, Z) + g(Y, AN)g(AX, Z) (6.1)
—8(X, A§)g(JAY, Z) + (Y, A§)g(JAX, Z).
From this, putting X = &, we know that

0=—g(@Y,2) — g5, AN)g(AY, Z) + g(Y, AN)g(A§, Z)

6.2
—8(&, AE)g(JAY, Z) + g(Y, A§)g(J AE, Z). (©2)
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Here, let us put Z = £, then we have

0=—g(€ AN)g(AY. &) +g(Y, AN)g(A§, §)
— 85, A5)Z(JAY, §) + g(Y, A§)g(J AE. §)

= —2{3(& ANIZ(AY. §) — g(AE, E)g(Y, AN}
Since g(A&, N) = 0, it follows that
g(A§,86)g(AN,Y) =g(AJN,JN)g(AN,Y) =0.

This gives that cos2t = 0 or g(AN, Y) = 0 for any tangent vector field Y on M. Then it
follows that either

T
AN =N or t=—.
4

From this, we assert the following lemma.

Lemma 6.1 Let M be a real hypersurface in the complex hyperbolic quadric Q™*, m > 3,
with shape operator of Codazzi type. Then the unit normal vector field N is either A-principal
or 2-isotropic.

Then let us consider the first case as follows:
Case (1) N:®-principal, thatis, AN = N.
Eq. (6.2) gives the following

0=—3g@Y, Z)— g5 A§)g(JAY, Z) + g(A§, Y)g(JA§, Z)

(6.3)
=—8(Y, Z) +g(JAY, Z),

where in the second equality we have used that g(&, A§) = g(JN,AJN) = —g(JN, JAN)
= —g(JN,JN)=—landg(JAE,Z) = —g(JAIJN,Z) = —g(AN,Z) = —g(N,Z) =0
for any vector fields Y and Z on M in Q"™*. Thus we know g(¢Y, Z) = g(JAY, Z). Then
the left-hand side is skew-symmetric, but by the anti-commuting property of AJ = —JA,
the right-hand side becomes

g(JAY, Z) = —g(AY, JZ) = g(Y, JAZ),

that is, J A becomes symmetric. This gives us a contradiction. So we conclude that there do
not exist any real hypersurfaces in the complex hyperbolic quadric Q"™* with parallel shape
operator for 2-principal unit normal vector field.

We consider the next case as follows:

Case (2) N: 2-isotropic.

In this case the unit normal vecor field N can be written as N = %(Z 1 + JZy) for
Z1, Zr€V (A). Then it follows that

1 1 1
= 51— 22, AIN = = (21 + 22), and JN = ik Z5).

V2 V2 V2

So it gives

AN

g, A8) =g(UJN,AJN)=0,g(6,AN) =0, and g(AN,N)=0. (6.4)
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From this, we know that AN is a tangent vector. Then by putting X = AN into (6.1), we
have

0=nY)g@AN, Z) +2n(Z)g(¢AN,Y) — g(AY, Z)
+g(Y, AE)g(JA®N, Z)
=n(Y)g(@AN, Z) +2n(Z)g(A,Y) — g(AY, Z) — n(Z2)g(Y, A§)
=n(Y)g(A&, Z) + n(Z)g(A&,Y) — g(AY, Z), (6.5)

where in the third equality we have used
8@AN,Z) = g(JAN, Z) = —g(AJN, Z) = g(A§, Z).
Then the Eq. (6.5) means that
g(AY, Z)=0

forany Y, Ze$, where $) denotes the complex subbundle of 7'M orthogonal to the Reeb vector
field &. From this, together with (6.4), the complex conjugation on the complex quadric Q™ *
can be expressed by

0 0 x« - =
0 0 % -+ %

0O --- 0
¥ x 0 .- 0

But we know that the complex conjugation is involutive, that is, A> = I. So the expression
(6.6) gives us a contradiction. Accordingly, for 2(-isotropic normal vector field N, there do
not exit any hypersurfaces in the complex hyperbolic quadric Q™* with shape operator of
Codazzi type.

Summing up these two cases, we conclude that there do not exist any real hypersurfaces
in the complex hyperbolic quadric Q™ * with shape operator of Codazzi type. This completes
the proof of our Theorem 1.1. Naturally, if the shape operator is parallel, it is of Codazzi
type. Accordingly, as a corollary of Theorem 1.1, we get Corollary 1.2.

7 Proof of Theorem 1.3

Before going to prove Theorem 1.3, first let us see if the shape operator of the tube of radius
r over a complex hyperbolic space CH* in the complex hyperbolic quadric QZk* is Reeb
parallel or not. In order to do this, let us mention that the shape operator S of the tube
commutes with the structure tensor ¢, thatis, S¢ = ¢S as in Proposition 4.1. Then, by using
the same method as in Berndt and Suh (see [1], p. 1350050-14), it can be easily verified
that the expression of the covariant derivative for the shape operator of M in the complex
hyperbolic quadric Q™* becomes

(Vx$)Y = {da(X)n(Y) + (@S¢ — S*$)X, ¥) — dn(¥)p(X)
—8g(BX, ¢Y) —n(BX)p(Y)}§

—{n(V)p(X) + g(BX, pY)}BE — g(BX, Y)pBE
+p(Y)BX +n(Y)¢pX +n(BY)$pBX,
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where we have put
AY = BY + p(Y)N, p(Y) = g(AY, N)

for a complex conjugation A€®l. Putting X = £ and using that the Reeb function « is constant
and p (&) = 0 for the 2A-isotropic unit normal vector field N of M in the complex hyperbolic
quadric Q2k*, we have
(VeS)Y = —{8g(B§, ¢Y) + n(BE)p(Y)}E
—{n(¥)p§) + g(BE, ¢Y)}BE — g(BE, Y)pBE
+o(Y)BE +n(BY)¢pBE
= —{g(B§, ¢Y) — p(Y)}B§
={g(@B§,Y) —g(Y, pBE}BE
= O’

where in the third equality we have used

p(Y) = g(AY,N) =g(Y, AN)
=g(Y,AJ§)
= —g(¥, JA§) = —¢(Y, JB§)
= —g(Y, ¢B¢§).
So we conclude that a real hypersurface M in Q% * with commuting shape operator, that is,
S¢ = ¢S, has parallel shape operator along the Reeb direction, Ve S = 0.
Now let us prove our Theorem 1.3 in the introduction. Let us assume V¢S = 0. Then by
putting X = £ in the equation of Codazzi, we have
—8((Vy$)§,Z) = —g(¢Y, Z) — g(§, AN)g(AY, Z) + g(Y, AN)g(A§, Z)
—8(§, A§)g(JAY, Z) + g (Y, A§)g(JAE, Z).
By the assumption of Theorem 1.3, we know that M is Hopf. Then it follows that
(Vy$)§ = Vy(88) = S(Vyé)
= Vy () - SVy§
= Yao)§ +apSY — S¢SY.
From this, together with the above equation, it follows that
0=n2)Ya+ag(¢pSY,Z) — g(S¢SY, Z)
— 8(#Y. 2) — g(&, AN)g(AY, Z) + g(¥, AN)g(AE, Z)
— g€, AE)Z(JAY, Z) + g(Y., AE)g(J A, Z). (7.1)
From this, putting Z = & and using M is Hopf and g(A&, N) = 0 in Sect. 5, we have

0=Ya —g(5, AN)g(AY,§) + g(Y.ZN)g(A§, §)
—8(§, A§)g(JAY, &) +g(Y, A§)g(J AE, §)
=Ya+2g(Y, AN)g(§, AS), (7.2)
where we have used that g(A&, N) = 0 in Sect. 4. So from (7.2), we know that the Reeb
function o = g(S§, &) for the shape operator of M in Q™* is constant if and only if the unit

normal vector field N is 2-principal or 2-isotropic, because AN = N or g(A§, &) = 0 for
a complex conjugation A€2(. Now we summarize it as follows:
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Lemma 7.1 Let M be a Hopf real hypersurface in the complex hyperbolic quadric Q™* with
Reeb parallel shape operator. Then the Reeb curvature function « = g(S&, &) is constant if
and only if the unit normal vector field N is either A-principal or A-isotropic.

When the unit normal vector field N of M in the complex hyperbolic quadric Q™* is
A-principal and the shape operator is Reeb parallel, by using AN = N we know

g(&,AE) =g(JN,AJN)=—g(JN,JN) = —1.
So the Eq. (7.1) becomes
ag(pSY, Z) — g(S¢SY, Z) — g(¢Y, Z) + g(JAY, Z) = 0.
This formula can be written as follows:

0=ag(pSZ,Y)— g(SPSZ,Y) — g(¢Z,Y) + g(JAZ,Y)
= —ag(SQY, Z) + g(SpSY, Z) + g(¢Y, Z) + g(JAY, Z).

Then taking sum and subtracting from the above two equations give the following, respec-
tively:
ag((@S — SP)Y, Z) = —2g(JAY, Z) (7.3)

and
ag((@S + So)Y, Z) —2g(SepSY, Z) —2g(¢Y, Z) = 0. (7.4)

Now first we want to prove the following proposition.

Proposition 7.2 Let M be a Hopf real hypersurface in the complex hyperbolic quadric Q™*
with A-principal normal vector field and Reeb parallel shape operator. Then M is locally
congruent to one of the following

(1) atube around the totally geodesic Hermitian symmetric space Q™ * embedded in o,

(2) a horosphere in Q™" whose center at infinity is the equivalence class of an U-principal
geodesic in Q™*,

(3) a tube around the m-dimensional real hyperbolic space RH™ which is embedded in
O™* as a real space form in Q™*,
or otherwise

(4) M has two distinct constant prinicipal curvatures given by

with multiplicities m and m — 1, respectively.

Proof Before going to give our proof, let us mention the following formulas:
JAY = J(BY + p(Y)N)
=¢BY +n(BY)N +p(Y)JN
=¢BY — p(Y)§ + n(BY)N,
8JAY, Z) = g(@BY — p(Y)§,Z) = g(@¢BY, Z) — p(Y)n(2),

and
g(AY,Z) =g(BY + p(Y)N,Z) = g(BY, Z).
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So the Codazzi equation becomes
(Vx8)Y — (VyHX = —n(X)¢Y +n(Y)pX +28(¢ X, Y)§
—8(X,AN)BY + g(Y, AN)BX
—8(X, A§){¢BY — p(Y)§}
+8(Y, A§){pBX — p(X)&}.

From this, putting X = &, and using that the shape operator is Reeb parallel, we have the
following for any 2-principal unit normal N

SPSY — (Ya)é — adSY = — (VyS)E
=—¢Y —g(§, A5){¢pBY — p(Y)&} + g(Y, A§)¢p BE,

where we have put A§ = B€ and AX = BX + p(X)N. From this, taking the inner product
with &, we have

(7.5)

(7.6)

Ya=—p(Y)=—g(AY,N)=—g(Y,AN)=—g(Y,N) =0.
From this, together with (7.4), (7.6) and ¢ BE = 0 for N is 2-principal, we have
%(qu — $S)Y = $BY. 1.7)
By Lemma 5.1, we know that for the 2-principal unit normal N
25¢S —a(pS + S¢p) = —2¢.
Now let us put SX = A X for some Xe$). Then it follows that
Qr—a)SPpX = (ah — 2)p X.

When 24 — « = 0, it gives . = 1 and @ = 2. So it becomes a horosphere in Q™* whose
center at infinity is the equivalence class of an 2-principal geodesic in Q™*.

When 24 — a#0, then
aA+2

20—«
In this case, YT, 0"* = V(A)®JV (A). So we consider the following three cases.
Subcase 1. BY =Y for YeV (A).

Then by (7.7) and (7.8), we have

SHX =

oX. (7.8)

a{aA—Z A}qﬁY—qﬁY
2021 -« e
This gives that the principal curvatures satisfy A{aA 4+ (2 — @?)} = 0, which means A = 0

2 .
or A= “‘T_z The expression of the shape operator S becomes

a0 0 0 - 07
0 2 ... 00 0
: Do 0
S=10 0 20 0
0 0 0 0 0
L0 0 0 0 0
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This means equivalently that the shape operator satisfies S¢ + ¢S = k¢, where k = %
(See Blair [3]). Then by Theorem C in the introduction (see Berndt and Suh [2]), M is a
tube of radius r around a totally geodesic Hermitian symmetric space Qm_l* embedded in
Q™*, a horosphere in Q™* whose center at infinity is the equivalence class of an 2-principal
geodesic in Q™*, or the tube of radius r— oo (with infinite radius) around the m-dimensional
real hyperbolic space RH™, which is embedded in Q™" as a real space form, or otherwise
the expression of the shape operator becomes

a 0 0 0 0
2.2

0 < 0 0 0

: 0

S=1l0 o0 @2 0

o
0 0 0 « 0
K 0 0 0 - o

Subcase 2. BY = —Y for YeV (A).
Then by (7.7) and (7.8), we have

a{ak—Z

2lon —«

: - x}qu .

This gives that the principal curvatures satisfy a{aA — 1 — A2}¢Y = —(24 — )@Y, which
implies (¢A —2)(A — o) = 0. Then it follows that . = @ or A = % Then the expressions of
the shape operator are the same as given in Subcase 1.

Subcase 3. ¥ = —=(Z + W) for ZeV (A) and WeJ V (A).

In this subcase, we have BY = AY = %(Y — Z). Then also by (7.7) and (7.8), we have
a{a)»—Z A}{ 1 SV + 1 ¢Z} B 1
2122 —a V2 V2 2
Then by comparing ¢ Z and ¢ W, we have both

(ol —2
7{ —k}:l
220 —A

(9Y —92).

and
ofar—2
A —af=-1.
2120 — A
This gives a contradiction. So this case cannot appear.
Summing up above discussions, we have a complete proof of the above proposition.

Then by virtue of Lemma 7.1 and Proposition 7.2, we are now considering only the case
that N is 2(-isotropic for M in the complex hyperbolic quadric Q™. Naturally we can assert
the following

Proposition 7.3 Let M be a Hopf real hypersurface in the complex hyperbolic quadric Q™*,
m>3, with non-vanishing Reeb curvature. If the unit normal N is A-isotropic and the shape
operator is Reeb parallel, then M is locally congruent to a tube around a totally geodesic
CHF c Q2k>k or a horosphere whose center at infinity is 2-isotropic singular.
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Proof By Lemma 5.3, we know that the Reeb curvature « is constant, because N is -
isotropic. Moreover, the unit normal N can be written as N = %(Z 1 + JZ5), where

Z1, Zr€V (A). Accordingly, it follows that
g(§,Af) =g(JN,AJN) =0,g(,AN) =0,g(AN,N) =0,

because AN = %fz(zl —JZ), AJN = —%(121 + Z5),and JN = %(le — 7).
From this, using V¢S = 0 in the equation of Codazzi, we have
ag(9SX, Z) — g(SoSX, Z) = g(¢X, Z) — g(X, AN)g(AE, Z)
—g(X, A8)g(JAE, 7).

On the distribution Q, we know that AXeT, M, zeM for any Ael. So it follows that
g(X,AN) =g(AX,N) =0and

(7.9)

g(JAE, Z) = —g(JAIN,Z) = —g(AN, Z) = —g(N, AZ) = 0.

On the other hand, by Lemma 5.2 in Sect. 5 due to Berndt and Suh [1], we can use the
following formula

S9S = 3(Sp+9S) ¢ (7.10)

on the distribution Q in M. From this, together with (7.7), it follows that
o
—Eg((S(i5 —-¢8X,Z)=0

for any X and Z tangent to M in Q™*. So from the assumption we have that the shape
operator S commutes with the structure tensor ¢, that is, S¢ = ¢S on the distribution Q.
Then together with (7.8), on the distribution Q we get the following

S¢S —aSp = —¢.

When we consider a principal curvature vector X € Q such that SX = A X, then the principal
curvature A becomes a solution of x2 — ax + 1 = 0. Moreover, this equation has two distinct
roots, and we may put A = cothr, u = tanhr and @ = 2 coth 2r.
Now let us continue our discussion on the distribution C&Q. Then by Lemma 5.2 in
Sect. 5, we know that
28¢S —a(Sp+¢S) =0 (7.11)

because § = 0 for an 2-isotropic normal vector field N. Now let us differentiate g(§, AN) =
0. Then it follows that

g(Vx&, AN) + g(&, (VxA)N + AVgN) = 0.
From this, together with (VxA)N = q(X)AN, we have

0=g@SX,AN) — g, ASX)
= g(¢SX, AN) + g(JN, ASX)
= g(@SX, AN) + g(N, ApSX) + n(SX)g(N, A§)
= —2g(S$AN, X) (7.12)

for any vector field X on the distribution COQ. So S AN = 0 is equivalent to SAE = 0.
From this, together with (7.11), we have
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aSpAE = 0.

So we get SpAE = 0 from the assumption. This means that S¢ = ¢S on the distribution
CoQ = Span{A&, AN}, where AN = —¢A¢&. Consequently, we conclude that the shape
operator S commutes with the structure tensor ¢ for a Hopf hypersurface M in Q™*. This
means that the Reeb flow of M is isometric. Then by Theorem A, we give a complete proof
of our proposition.

Summing up the above discussions with Lemma 7.1, Propositions 7.2 and 7.3, we give a
complete proof of Theorem 1.3 in the introduction.
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